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The motivation for this piece of work is our continuing studies
of the fretting fatigue performance of ‘complete’ contacts. Two
examples which have arisen in the authors’ work are a clamped
cantilever subject to tension, bending and shear, Fig. 1(a), and a
shrink-ﬁtted cylindrical bar encastered in a large block of elasti-
cally similar material, and subject to tension, Fig. 1(b). Many other
examples exist. The ﬁrst step in predicting the fretting fatigue per-
formance of any such assembly is to understand the stick/slip/sep-
aration behaviour of the contact in the neighbourhood of the sharp
corner, and the best way to tackle this would seem to be to assume,
initially, that the contact interface is (a) fully closed up to the edge
and (b) the coefﬁcient of friction is sufﬁcient to prevent all slip.
When these conditions hold, the assembly appears as a monolith
(a single body) and the Williams asymptotic solution (Williams,
1952; Barber, 2002) provides an excellent description of the state
of stress in the neighbourhood, and how this is related to the
two dimensional generalised stress intensity factors, KI and KII,
which are the dimensional multipliers on the symmetric and
anti-symmetric eigensolutions, respectively. It is not the purpose
of the present article to describe how these are calibrated for a par-
ticular problem, which is a routine exercise usually accomplished
using the ﬁnite element method, but to explain how a knowledge
of these two quantities and how they vary in time, together with
the coefﬁcient of friction, f, may be used to quantify local behav-
iour. Because the mode I eigensolution always dominates the solu-ll rights reserved.
. Paynter).tion at very small distances from the corner, as it is more strongly
singular, it follows that the sign of this quantity is the most impor-
tant ﬁrst consideration; if it is always negative the contact will
always be closed to the corner. If, in addition, the coefﬁcient of
friction exceeds a critical value, the element of the dominant eigen-
vector deﬁning the ratio of the shear to the direct traction (gIrh in
the notation developed below) the contact will be stuck, and the
contact edge acts as a sharp notch corner, as no fretting damage
will arise. When the coefﬁcient of friction is insufﬁcient to prevent
all slip the extent of the slip zone can be found by developing a
simple, closed form correction to the Williams solution, and this
has already been done (Churchman et al., 2003; Cartwright et al.,
submitted for publication). It is clear that, when this happens,
the slip displacement will be very small, and that, in a cyclically
loaded problem, some frictional shakedown may occur, although
this has yet to be analysed. The remaining case, one which is more
likely to arise practically, and is much harder to analyse, is what
happens when the mode I stress intensity factor becomes positive
during at least part of the cycle, so that some opening will ensue.
This means that the contact is, on a very local scale ‘incomplete’,
and that there will certainly be attendant slip. The function of this
article is to develop a correction to the Williams solution to predict
the extent of slip and separation under those conditions.
The unmodiﬁedWilliam’s solution describes the local stress and
displacement ﬁelds when the interface is fully closed and stuck:
under these conditions it is a bilateral solution in the sense that
it is totally linear with respect to the applied loads. The classical
Signorini contact conditions will then be introduced, and a ﬁrst
estimate of the slip and separation length determined by ﬁnding
the regions over which the Signorini inequalities are violated. This
(a) (b)
Fig. 1. Example geometries with corner singularity: (a) lever in clamps, (b) shrink-ﬁt shaft in hub.
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where the distributions are found as the solutions to a system of
integral equations.2. Bilateral solution
The starting point for the solution is the Williams solution for a
homogeneous monolithic wedge (Williams, 1952), Fig. 2(a). Nor-
mally, the solution for the state of stress is developed with base
vectors along the notch bisector, so that the eigensolutions uncou-
ple, but, for our purposes, it is preferable to re-deﬁne the base vec-
tors along the potential slip/separation interface, where the
normal, p(x), and shear, q(x), tractions are given by
pðxÞ ¼ KoI xkI1 þ KoIIxkII1; ð1Þ
qðxÞ ¼ KoI gIrhxkI1 þ KoIIgIIrhxkII1; ð2Þ
and KoI and K
o
II are the stress intensity factors. Here, we shall con-
sider only the case of a quarter plane attached to a half-plane, i.e.
when the contact has a ‘square-end’, so that the solution particular-
ised to a three quarter plane is appropriate, and the Williams solu-
tion then tells us directly that
kI ¼ 0:5445 kII ¼ 0:9085;
gIrh ¼ 0:5431 gIIrh ¼ 0:2189;
ð3Þ(a) (b)
Fig. 2. Asymptotes: (a) bonded (Williams), (b) full Signorini conditwhich shows that the symmetric solution is very dominant over the
anti-symmetric solution. As stated above, if KoI < 0 the bilateral
solution applies (without modiﬁcation if also f > gIrh) and here we
are particularly concerned where the multipliers are such that
(KoI > 0 > K
o
II), so that the second eigensolution drives the solution
towards closure, and we then deﬁne a quantity, do, which simulta-
neously connects the mode mixity and provides a reference length
scale for the whole of the solution. It is given by the distance at
which the normal traction from the two terms in Eq. (1) are equaldo ¼  K
o
I
KoII
  1
kIIkI
: ð4Þ
The eigenvalues always satisfy the inequalities 12 < kI < kII < 1
 
for all wedge angles less than 2p, and, for this particular case we
note that 1kIIkI ’ 2:75.
We now look for violations in the Signorini requirements classi-
cally deﬁning all conventional contact problems, and note, ﬁrst,
that the contact pressure becomes positive (tensile) when x is less
than ao which, trivially, is given by ao = do. The interface will slip
when the magnitude of the shearing traction exceeds the product
of the coefﬁcient of friction and the contact pressure (p(x) nega-
tive). Here, the tendency towards slip is in a positive sense (trailing
edge) when the coefﬁcient of friction, f, takes a positive value, so
that the slip length, co, implied by the bilateral solution is(c)
ions (slip and separation), (c) slip and suppressed separation.
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Thus, from Eqs. (1) and (2)
co ¼  f þ g
I
rh
f þ gIIrh
KoI
KoII
  1
kIIkI
; ð6Þ
or
co
do
¼ f þ g
I
rh
f þ gIIrh
  1
kIIkI
; ð7Þ
and, substituting for the parameters for a 3p/2 wedge, we ﬁnd that
co
do
¼ f þ 0:5431
f  0:2189
 2:75
: ð8Þ
In following sections the superscript and subscript ‘o’ refer to
the bilateral solution given here.
3. Separation and slip
This ﬁrst estimate of the separation and slip regions may be re-
ﬁned by employing distributions of glide and climb dislocations
along the interface, i.e. the projection line of the half-plane surface,
in order to permit the conventional rules of a frictional Signorini
contact to be imposed, as shown in Fig. 2(b). The inﬂuence state
of stress induced by a dislocation within a three quarter plane
has already been found (Churchman and Hills, 2006), and thus
the direct traction, N(x), and shear traction, S(x), along the interface
line are
NðxÞ ¼ KoI xkI1 þ KoIIxkII1 þ
2l
p jþ 1ð Þ
R a
0
1
xnþ Fyyyðx=nÞn
h i
ByðnÞdn
þ R c0 Fxyyðx=wÞwh iBxðwÞdw
8><>:
9>=>;;
ð9Þ
SðxÞ ¼ KoI gIrhxkI1 þ KoIIgIIrhxkII1
þ 2l
p jþ 1ð Þ
R a
0
Fyxyðx=nÞ
n
h i
ByðnÞdn
þ R c0 1xwþ Fxxyðx=wÞwh iBxðwÞdw
8><>:
9>=>;; 0 < x; ð10Þ
where a is the extent of opening, c is the extent of slip, Bx(x) and
By(x) are the glide and climb dislocation densities, respectively,
Fijk() are the regular parts of the dislocation stress inﬂuence func-
tions, l is the modulus of rigidity and j is Kolosov’s constant
(=4  3m for the case of plane strain, m is the Poisson’s ratio).
The surface tractions must satisfy the following requirements
ðaÞ NðxÞ ¼ 0; 0 6 x 6 a
ðbÞ SðxÞ ¼ 0; 0 6 x 6 a
ðcÞ  fNðxÞ ¼ SðxÞ > 0; a 6 x 6 c
ð11Þ
The integral equations formed have, as the independent param-
eters, f, do, whilst the unknowns are the two sets of dislocations
densities Bx(x), By(x), together with the true opening and slip
lengths a, c. From the dislocation densities we also expect to infer
other information such as the slip displacement which will be of
primary interest in evaluating the fretting damage when the solu-
tion is applied to a real problem such as those shown in Fig. 1. A
numerical procedure must be adopted to provide a solution.
Before moving onto details of the solution, we introduce a third
possible set of interface conditions which might be adopted,
Fig. 2(c), in which the contact is maintained closed throughout its
length, as in the bilateral solution, but slip is restored by the distri-
bution of glide dislocations alone. The slip length found by this
estimate we denote by c1. The reason for wanting to consider thishybrid set of conditions will become clear later but, brieﬂy, we will
discover that, as the coefﬁcient of friction is reduced towards
gIrh ¼ 0:5431 the slip length becomes very long whilst the opening
length becomes extremely small, and this leads to difﬁculties in
obtaining a fully converged solution, as a/c? 0. This hybrid set
of boundary conditions obviates the problem and aligns well with
the exact solution. The basic pair of simultaneous integral equa-
tions already deﬁned (Eqs. (9) and (10)) may be employed, with
By(x) set to zero ("x), so that the ﬁrst integral in each equation is
omitted, and with c replaced by c1 throughout.3.1. Solution
The pair of simultaneous integral equations developed above
has proved difﬁcult to solve, and the procedure ﬁnally adopted
(at least for moderately high coefﬁcients of friction) is as follows.
The corrective tractions must satisfy the following requirements:
1. At the contact end (x? 0) they must reduce power order singu-
larities (p(x), q(x)  x0.45) to zero.
2. At the contact point (x? a) By(x) must modify the ﬁnite con-
tact pressure and make it square-root bounded, whilst the slip
displacement, g(x), is ﬁnite and continuous at this point.
3. At the stick point (x? c) Bx(x) must modify the ﬁnite shear
traction and make it square-root bounded.
These characteristics cannot be precisely achieved with the cus-
tomary quadratures associated with the Riemann–Hilbert
inversion process, which impose end-point behaviour of the form
x±1/2. The analytical inversion rigorously applies only when the ker-
nels are strictly Cauchy in nature, whereas here they have bounded
terms and a further different form of singular behaviour when a
dislocation is located towards the contact corner (x? 0). In order
to deal with these difﬁculties we shall generate a climb dislocation
distribution, By(x), which is singular as (x? 0) and bounded as
(x? a) together with three glide dislocation distributions, viz. (a)
one in the opening region, Bx(x), which has the same end-point
properties as the climb dislocation distribution, together with (b)
a further distribution over the closed/slipping interval [a,c] and
bounded both ends, and lastly (c) a simple triangular distribution,
Btg(x), spanning [0,c]which is zero at both ends and g(x) has an alti-
tude of unity at point a, i.e.
gðxÞ ¼
x
a ; 0 6 x 6 a
cx
ca ; a 6 x 6 c
(
ð12Þ
so that only the multiplier (Bt) is to be found. The system of integral
equations then becomes
 KoI xkI1 þ KoIIxkII1
  ¼ 2l
p jþ 1ð Þ
R a
0
1
xnþ Fyyyðx=nÞn
h i
ByðnÞdnC
þ R a0 Fxyyðx=nÞn BxðnÞdn
þ R ca Fxyyðx=wÞw BxðwÞdw
þBt
R c
0
Fxyy x=gð Þ
g gðgÞdg
8>>><>>>>:
9>>>=>>>>;
;
0 6 x 6 a: ð13Þ
 KoI gIrhxkI1þKoIIgIIrhxkII1
 ¼ 2l
p jþ1ð Þ
R a
0
Fyxyðx=nÞ
n ByðnÞdn
þR a0 1xnþ Fxxyðx=nÞnh iBxðnÞdnC
þR ca Fxxyðx=wÞw BxðwÞdw
þBt
R c
0
1
xgþ Fxxy x=gð Þg
h i
gðgÞdg
8>>>><>>>>:
9>>>>=>>>>;
;
06 x6a: ð14Þ
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o
I g
I
rhþ f
 
xkI1
þKoII gIIrhþ f
 
xkII1
" #
¼ 2l
p jþ1ð Þ
R a
0
Fyxyðx=nÞ
n þ f 1xnþ Fyyyðx=nÞn
 	h i
ByðnÞdn
þR a0 1xnþ Fxxyðx=nÞn þ f Fxyyðx=nÞnh iBxðnÞdn
þR ca 1xwþ Fxxyðx=wÞw þ f Fxyyðx=wÞwh iBxðwÞdwC
þBt
R c
0
1
xgþ Fxxy x=gð Þg þ f Fxyy x=gð Þg
h i
gðgÞdg
8>>>><>>>>>:
9>>>>=>>>>>;
; a6 x6 c:
ð15Þ
It is helpful to note the nature of the kernels – a superscript ‘C’
has been added to those integrals which are Cauchy singular – the
remainder are regular. Note that each equation includes only one
Cauchy integral.
3.2. Normalisation
The equations need to be put in a normalised form. The ﬁrst
step is to normalise all lengths with respect to the reference length
do by letting
x^ ¼ x=do; n^ ¼ n=do; w^ ¼ w=do; a^ ¼ a=do; c^ ¼ c=do; ð16Þ
and to scale the stresses by dividing by KoI d
kI1
o ¼ KoIIdkII1o so that x^kI1  x^kII1  ¼
R a^
0
1
x^n^þ
Fyyyðx^=n^Þ
n^
h ibByðn^Þdn^C
þ R a^0 Fxyyðx^=n^Þn^ bBxðn^Þdn^
þ R c^a^ Fxyyðx^=w^Þw^ bBxðw^Þdw^
þbBt R c^0 Fxyyðx^=g^Þg^ gðg^Þdg^
8>>>><>>>>:
9>>>>=>>>>;
; 0 6 x^ 6 a^;
ð17Þ
 gIrhx^kI1  gIIrhx^kII1
  ¼
R a^
0
Fyxyðx^=n^Þ
n^
bByðn^Þdn^
þ R a^0 1x^n^þ Fxxyðx^=n^Þn^h ibBxðn^Þdn^C
þ R c^a^ 1x^w^þ Fxxyðx^=w^Þw^h ibBxðw^Þdw^
þbBt R c^0 1x^g^þ Fxxyðx^=g^Þg^h igðg^Þdg^
8>>>>><>>>>:
9>>>>>=>>>>;
;
0 6 x^ 6 a^; ð18Þ
 g
I
rh þ f
 
x^kI1
 gIIrh þ f
 
x^kII1
" #
¼
R a^
0
Fyxyðx^=n^Þ
n^
þ f 1
x^n^þ
Fyyyðx^=n^Þ
n^
 	h ibByðn^Þdn^
þ R a^0 1x^n^þ Fxxyðx^=n^Þn^ þ f Fxyyðx^=n^Þn^h ibBxðn^Þdn^
þ R c^a^ 1x^w^þ Fxxyðx^=w^Þw^ þ f Fxyyðx^=w^Þw^h ibBxðw^Þdw^C
þbBt R c^0 1x^g^þ Fxxyðx^=g^Þg^ þ f Fxyyðx^=g^Þg^h igðg^Þdg^
8>>>>><>>>>:
9>>>>>=>>>>;
;
a^ 6 x^ 6 c^; ð19Þ
where
bBiðxÞ ¼ 2lp jþ 1ð Þ BiðxÞKoI dkI1o ; i ¼ x; y: ð20Þ
The second phase in putting the equations in standard form is to
normalise by the interval of integration and imposition, by setting,
on [0,a],
x^ ¼ a^va þ 1
2
¼ a^ra; ð21Þ
n^ ¼ a^ ua þ 1
2
¼ a^sa; ð22Þand, on [a,c],
x^ ¼ a^ cþ 1
2
þ c 1
2
vc
 
¼ a^ 1þ c 1ð Þvc þ 1
2
 
¼ a^rc; ð23Þ
w^ ¼ a^ cþ 1
2
þ c 1
2
uc
 
¼ a^ 1þ c 1ð Þuc þ 1
2
 
¼ a^sc; ð24Þ
where c ¼ c^=a^ ¼ c=a (ra,sa,rc,sc have been introduced to make the
following formulae more compact). We also set the dislocation den-
sities to a product of a weight function and another well-behaved
(non-singular) function
bBi ¼ wðujÞ/iðujÞ i ¼ x; y; j ¼ a; c; ð25Þ
where suitable weight functions are, for the singular-bounded
interval 0 < x < a,
wðuaÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ua
1þ ua
s
; ð26Þ
and, for the bounded-bounded interval a < x < c,
wðucÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u2c
q
: ð27Þ
As it is not dependent on the variables of the integral equation,
the integral of the stresses due to the additional shear dislocation
distribution g(g) has been given as a function of the normalised
coordinate with a strength /t. For a given set fa^; c^; fg we may
now solve for the dislocation densities.
3.3. Numerical solution – discretisation
The Gauss–Chebyshev scheme, described fully by Erdogan et al.
(1973) is used. Over the interval [0,a] we require a quadrature sin-
gular at x = 0, bounded at x = a. The integration points uai and col-
location points vak, together with weight functions wai are given by
uai ¼ cos p 2i2na þ 1
 
; i ¼ 1; . . .na; ð28Þ
vak ¼ cos p 2k 12na þ 1
 
; k ¼ 1; . . .na; ð29Þ
wai ¼ 2 1 uaið Þ2na þ 1 ; ð30Þ
whilst, over the interval [a,c] we require a quadrature bounded at
both ends, and the corresponding quantities, here, are given by
uci ¼ cos p inc þ 1
 
; i ¼ 1; . . .nc; ð31Þ
vck ¼ cos p 2k 12ðnc þ 1Þ
 
; k ¼ 1; . . .nc þ 1; ð32Þ
wci ¼ 1 u
2
ci
nc þ 1 : ð33Þ
Note that, this provides an additional collocation point which
allows for the additional unknown of the strength of the triangular
density of shear dislocations. In discretised form the integral equa-
tions become
 a^
kI1skI1ak
a^kII1skII1ak
" #
¼
Pna
i¼1
1
sak
rai
1þ Fyyy
sak
rai
 	 
wai
rai
/yai
þPna
i¼1
Fxyy
sak
rai
 	
wai
rai
/xai
þPnc
i¼1
Fxyy
sak
rci
 	
c1ð Þwci
rci
/xci
þgxyyða^; c;vakÞ/xt
8>>>>>><>>>>>>:
9>>>>>>=>>>>>>;
; k ¼ 1; . . .na;
ð34Þ
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I
rha^
kI1skI1ak
gIIrha^kII1skII1ak
" #
¼
Pna
i¼1
Fyxy
sak
rai
 	
wai
rai
/yai
þPna
i¼1
1
sak
rai
1þ Fxxy
sak
rai
 	 
wai
rai
/xai
þPnc
i¼1
1
sak
rci
1þ Fxxy
sak
rci
 	 
ðc1Þwci
rci
/xci
þgxxyða^; c;vakÞ/xt
8>>>>>><>>>>>:
9>>>>>>=>>>>>;
;
k ¼ 1; . . .na; ð35Þ
 g
I
rhþ f
 
a^kI1skI1ck
 gIIrhþ f
 
a^kII1skII1ck
" #
¼
Pna
i¼1
Fyxy
sck
rai
 	
þ f 1sck
rai
1þFyyy
sck
rai
 	  
wai
rai
/yai
þPna
i¼1
1
sck
rai
þFxxy sckrai
 	
þ fFxyy sckrai
 	 
wai
rai
/xai
þPnc
i¼1
1
sck
rci
1þFxxy
sck
rci
 	
þ fFxyy sckrci
 	 
c1ð Þwci
rci
/xci
þ gxxyða^;c;vckÞþ fgxyyða^;c;vckÞ
 
/xt
8>>>>><>>>>>:
9>>>>>=>>>>>;
;
k¼1; . . .ncþ1: ð36Þ
This gives a linear system of 2na + nc + 1 equations for the dislo-
cation densities. We have two more unknowns, viz. the lengths of
the intervals, a and c. The additional conditions needed may be
found by noting that the order of singularity assumed at x = 0
(where ua = 1) is less strongly singular than the quadrature as-
sumes, so that the solutions /y and /x, must be bounded (zero)
at that point. Their values here may be estimated using the extrap-
olation method proposed by Krenk (1975), i.e.
/jað1Þ ¼ 0 ¼
Xna
i¼1
hi/jai; j ¼ x; y; ð37Þ
where hi represent the corresponding interpolation factors
hi ¼ 22na þ 1 cot
2na þ 1 2i
2na þ 1
p
2
 
sin na
2na þ 1 2i
2na þ 1 p
 
: ð38Þ
The problem is now fully speciﬁed. For a given coefﬁcient of
friction (f), the numbers of integration points chosen (na and nc)
and the initial guess at the interval lengths (a and c) the density
functions (/j) may be found by solving the linear system (Eqs.
(34)–(36)). The extrapolated values (Eq. (37)) are then used to
solve for a and c via an iterative scheme (secant method).
3.4. Suppressed separation
The following notes relate to the hybrid boundary conditions
where only slip is allowed and separation is suppressed causing
tension in a small region neighbouring the corner. The single inte-
gral equation need only address the friction conditions, i.e. a subset
of Eq. (15), thus
 KoI gIrh þ f
 
xkI1 þ KoII gIIrh þ f
 
xkII1
 
¼
Z c
0
1
x nþ
Fxxyðx=nÞ
n
þ f Fxyyðx=nÞ
n
 
dn; 0 < x^ 6 c^1; ð39Þ
applying equivalent normalisations as above and using a singular-
bounded fundamental function the discretised form of the equation
is
 gIrh þ f
 
c^kI11 s
kI1
k  gIIrh þ f
 
c^kII11 s
kII1
k
¼
Xn
i¼1
1
sk
ri
 1þ Fxxy
sk
ri
 
þ fFxyy
sk
ri
 " #
wi
ri
/xi; k ¼ 1; . . .n; ð40Þ
which, when its solution is combined with the Krenk extrapolation
(Eq. (37)) to ﬁnd the value of /x(0) produces the following nonlinear
equation, scalar in c^1,0 ¼ hT Awð Þ1 c^kI11 gIrh þ f
 
skI1  c^kII11 gIIrh þ f
 
skII1
 	
; ð41Þ
where h, A, w and s, represent respectively: vectors of the Krenk
factors, the kernel of the integral equation (square brackets in Eq.
(40)), diagonal matrix of the weights and a vector of the coordinates
raised, elementwise, to the corresponding power. The resulting
solution for c^1 is thus found, directly from
c^1
c^o
¼ h
T Awð Þ1skI1
hTðAwÞ1skII1
 ! 1
kIIkI
; ð42Þ
where c^o is as given by Eq. (7).
This solution means that a very small region of positive direct
traction, of extent a1, immediately next to the corner, may be tol-
erated. Restoration of the Signorini conditions within the asymp-
tote was undertaken by Karuppanan et al. (2008) for the case a
continually sliding interface, who showed that the separation ex-
tent is approximately twice that of the sliding bilateral tensile
region.
4. Results
Recall that the solution, as developed, applies only for the case
where, initially, KI < 0 so that full contact arises, with no slip, and
therefore the results are found only for the case where f > 0.543.
If, now, we make KI positive some separation and slip will occur,
and the solution derived above is employed. An example solution
for the coefﬁcient of friction, f = 0.8, is shown (Fig. 3) as plots of
(a) tractions along the interface, and (b) slip and opening displace-
ments. The distribution shows zero tractions in the small separated
region, matched shear and pressure along the slip zone and the
shear falling away along the interface into the stuck region. The
Signorini conditions are therefore satisﬁed and the full corrected
solution works well. However, as the coefﬁcient of friction is pro-
gressively reduced, it proves increasingly difﬁcult to obtain a satis-
factory solution.
The primary results are the true locations of the stick/slip
transition point, c/do, and separation point, a/do, and these are gi-
ven in Table 1 and plotted in Fig. 4. The lengths are given norma-
lised by the mode mixity length do which equals ao (Eq. (4)), thus
the constant value (see Fig. 4(a)). As the coefﬁcient of friction is
reduced the opening length decreases whilst the slip length in-
creases and when f is reduced to 0.7, which is the lowest value
where a satisfactory solution was obtained, the ratio c/a has in-
creased to about 132. We now draw attention to the estimates
of opening and slip from the suppressed separation solution, a1
and c1, respectively, also given in the table and the ﬁgure. It will
be noted that; (i) the estimate of the slip length is extremely
good, and differs at most in the third signiﬁcant ﬁgure compared
with the ‘full’ solution, (ii) solutions for c1 may be obtained at
lower coefﬁcients of friction down to at least 0.5, (iii) that by this
time the ratio c/a has reached well over 1000, so that the pres-
ence of the opening region is no practical signiﬁcance, except
that it does imply that the corrected pressure distribution, which,
may be assumed to extend to the contact edge, is bounded at
that point.
As the contact is now, formally, incomplete, within the scale of
the separated zone the characteristics of the state of stress have
close similarities with those found in a half-plane problem. If, for
example, we take a coordinate, s, looking inwards from the separa-
tion point, it is clear that, locally, the state of stress within each
body varies in a square-root bounded manner, and we may write
the contact pressure in the form
pðsÞ ¼ KB
ﬃﬃﬃﬃﬃ
s
do
r
¼ Kðf ÞKoI dkI3=2o
ﬃﬃ
s
p
; ð43Þ
(a) (b)
Fig. 3. Unilateral solution: f = 0.8. (a) Traction distributions, (b) displacements slip, u^x , and opening, hatuy. Note: x-coordinate is normalised by the opening extent, a, and
displacements are scaled as the densities, thus u^j ¼ 2lpðjþ1Þ
uj
KoI d
kI1
o
.
Table 1
Separation and slip extent, subscript ‘1’ denotes those from the suppressed separation
formulation.
f a/do c/do co/do a1/do c1/do K(f)
1.30 1.360 11.4 4.32 0.758 11.5 0.245
1.20 1.243 12.9 4.85 0.691 12.9 0.231
1.10 1.102 14.8 5.54 0.612 14.8 0.215
1.00 0.935 17.3 6.49 0.519 17.4 0.198
0.90 0.738 21.1 7.87 0.411 21.1 0.178
0.80 0.514 26.9 9.99 0.291 26.9 0.149
0.70 0.276 36.7 13.5 0.168 36.7 0.112
0.60 – – 20.4 0.058 55.5 –
0.50 – – 36.7 – 99.9 –
(a) (b)
Fig. 4. Effect of friction on separation and slip extent. (a) Opening: unilateral – a
(solid), bilateral – ao (chained), suppressed separation – a1 (dashed). (b) Slip: note
logarithmic scale; unilateral – c, suppressed separation – c1, bilateral – co, as Eq. (7).
Table 2
Example calcs for friction coefﬁcient of 0.8.
ro
po
do
e  103 ae  103 a1e  103 ce 103
0.6 0.034 0.0176 0.0099 0.919
0.7 0.75 0.387 0.219 20.2
0.8 2.84 1.46 0.827 76.5
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extrapolation for the separation density function at the edge of con-
tactK = 2p/y(+1). The values found are included in Table 1; as with
the lift off length, the pressure strength tends to zero as the friction
reduces.5. Application
It is not possible to describe an exhaustive example case here,
but, to show how the solution may be exploited and the abstract
length scale, do related to a real one, we apply the solution devel-
oped to a reduced form of the cantilever problem shown in
Fig. 1(a). The clamping pressure, po, is ﬁrst applied then the extrac-
tion stress, ro. Assuming the coefﬁcient of friction is sufﬁciently
high (f > gIrh) there will be no outward slip. The notch root stress
intensity factors, found using a conventional ﬁnite element model
of a monolithic structure, are, hereKoI e
kI1
KoIIe
kII1
( )
¼ 0:177 0:3190:454 0:260
 
po
ro
 
; ð44Þwhere e is the cantilever half-thickness. It follows that, providing
ro/po < 0.177/0.319 = 0.555, then KI will be negative and full contact
is maintained. When the tension exceeds value, and KI becomes po-
sitive the solution developed applies. It may be seen that the length
do is, for this particular problem, given by (Eq. (4))do
e
¼
0:555þ ropo
1:420þ 0:815 ropo
 !2:75
: ð45Þ
For a coefﬁcient of friction of 0.8 and some example loads val-
ues ropo ¼ 0:6;0:7;0:8
 	
the key results, including the implied open-
ing and slip extents are given in Table 2. The values of doe depend
strongly on the dimensionless tension, and hence so do the extents
of opening and slip. With a bulk load of 80% of the clamping pres-
sure the predicted slip length has reached about 0.076 of the can-
tilever half-thickness. This would seem reasonable both as a slip
extent and as a condition where the asymptotic form developed
could reasonably be expected still to apply.
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We have developed an analysis for the slip and separation
found at the corner of a square edged contact subject to normal
load and shear, and where the dominant eigensolution is tensile
in character but the second solution is compressive. The solution
applies when f > gIrh ¼ 0:5431, and it has been shown that the true
unilateral (Signorini) solution applies at large coefﬁcients of fric-
tion (above, say, 0.7). At smaller coefﬁcients of friction the ratio be-
tween the length of the slip zone to the separation length is so
great that the full solution becomes difﬁcult to ﬁnd, and a hybrid
correction to the unilateral solution, permitting slip but suppress-
ing separation, is appropriate. The slip lengths and slip displace-
ment discovered seem realistic, and, when incorporated into an
example problem, give plausible results. The latter cannot, of
course, easily resolve behaviour when the slip region is small,
and it is this which provides one of the principal motivations for
the piece of work.References
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